In this study convection from an inverted cone in a porous medium with cross-diffusion is studied numerically. Diffusion-thermo and thermo-diffusion effects are assumed to be significant. The governing equations are transformed into nonlinear ordinary differential equations and then solved numerically using a shooting method together with a sixth order Runge-Kutta method. Verification of the accuracy and correctness of the results is achieved by solving the equations using an independent linearisation method. The effects of the Dufour and the Soret parameters are investigated. The results for the skin friction, Nusselt number and the Sherwood number are presented graphically and in tabular form.
Introduction
The study of combined heat and mass transfer on a surface embedded in saturated porous media has attracted considerable attention in recent decades due to many engineering applications such as in the design of pebble-bed nuclear reactors, ceramic processing, crude oil drilling, compact heat exchangers, etc. Studies on natural convection flows have been carried out on vertical, inclined and horizontal surfaces in a porous medium by, among others, Cheng [1, 2] , Nield and Bejan [3] and Ingham and Pop [4] . Na and Chiou [5] presented the problem of laminar natural convection of Newtonian fluids over a frustum of a cone. Lai [6] investigated the heat and mass transfer by natural convection from a horizontal line source in saturated porous medium. Natural convection over a vertical wavy cone has been investigated by Pop and Na [7] . Nakyam and Hussain [8] studied the combined heat and mass transfer by natural convection in a porous medium by integral methods. Cheng [9] examined the effects of a magnetic field on heat and mass transfer by natural convection from a vertical surface in porous media by an integral approach. Chamkha and Khaled [10] studied the hydromagnetic heat and mass transfer by mixed convection from a vertical plate embedded in a uniform porous medium. Chamkha [11] investigated the coupled heat and mass transfer by natural convection of Newtonian fluids about a truncated cone in the presence of magnetic field and radiation effects and Yih [12] examined the effect of radiation in convective flow over a cone. Cheng [13] used an integral approach to study the heat and mass transfer by natural convection from truncated cones in porous media with variable wall temperature and concentration. Cheng [14] investigated the natural convection and mass transfer near a vertical truncated cone with wall heating and convection in a porous medium saturated with non-Newtonian power-law fluids. Khanafer and Vafai [15] studied the double-diffusive convection in a lid-driven enclosure filled with a fluid-saturated porous medium. Kumer et al. [16] investigated the effects of thermal stratification on double-diffusive natural convection in a vertical porous enclosure. In double-diffusive convection the density of the fluid mixture depends on the temperature, the concentration and on the pressure. In this case there is direct coupling of the conservation equations and, as has been shown in previous studies (see, for example, [17] [18] [19] ), the Soret mass flux and Dufour energy flux have significant effect on heat and mass transfer rates. Thermal-diffusion and diffusion-thermo effects on mixed free and forced convection in boundary layer flow in clear fluids with temperature dependent viscosity have been studied by among others, Kafoussias and Williams [20] , Chamkha and Ben-Nakhi [21] , Sovran et al. [22] and Postelnicu [23] . Sohouli et al. [24] applied the homotopy analysis method to study natural convection of Darcian fluid about a vertical cone embedded in porous media with a prescribed surface heat flux to get the analytical solutions of the governing nonlinear equations.
In this work we determine numerical solutions of the nonlinear equations that govern convection about a vertical cone in the presence of Dufour energy flux and Soret mass effects. Cheng [14] studied the Dufour and Soret effects on the steady boundary layer flow due to natural convection heat and mass transfer over a downward-pointing vertical cone embedded in a porous medium saturated with Newtonian fluids with constant wall temperature and concentration. The study extends the earlier work by Sohouli et al. [24] to include Dufour and Soret effects.
In this work we apply a shooting technique together with a sixth order Runge-Kutta method (see [25, 26] ) to solve the resulting nonlinear equations numerically. The accuracy of the results is verified by further solving the governing equations using a recent linearisation; see Makukula et al. [27, 28] . We show by comparison with numerical results that this linearisation method is accurate and converges rapidly to the true solution.
Mathematical formulation
Consider an inverted cone in a porous medium with semi-angle Ω. We take the origin of the coordinate system to be at the vertex of the cone, the x-axis is the coordinate along the surface of the cone and y is the coordinate normal to the surface of the cone as shown in Fig. 1 .
The surface of the cone is subject to a non-uniform temperature T w > T ∞ where T ∞ is the temperature far from the surface of the cone. The solute concentration varies from C w on the surface of the inverted cone to a lower concentration C ∞ in the ambient fluid. Under the Boussinesq approximation, the governing equations can be written as:
where for a thin boundary layer r = x sin Ω, u and v are the velocity components in the x and y directions respectively, g is the acceleration due to gravity, ρ is the fluid density, K is the permeability, ν is kinematic viscosity of the fluid, respectively, β and β * are the thermal expansion and the concentration expansion coefficients respectively, α and D are the thermal and mass diffusivities of the saturated porous medium, k is the thermal-diffusion ratio, c p is the specific heat at constant pressure, and c s is the concentration susceptibility.
We assume that either a power-law of temperature and concentration or a power-law of heat and mass flux is prescribed on the frustum. Accordingly, the boundary conditions are
where A, B > 0 are constants and λ is the power-law index. The subscripts w and ∞ refer to the cone surface and ambient conditions respectively. It is convenient to introduce the stream function ψ defined by:
and apply the following transformations
where Gr x is the local Rayleigh number defined by:
Substituting the transformations (8) into Eqs. (1)- (6) we obtain the following ordinary differential equations:
subject to the boundary conditions
The parameters of primary interest are the Dufour number D f , the Soret number S r , the concentration buoyancy parameter N 1 , the Prandtl number Pr, the Schmidt number Sc and the porous medium parameter Λ where
The local Nusselt and Sherwood numbers are given by the expressions
Method of solution
Eqs. (10)- (12) were solved first using a shooting technique with a sixth order Runge-Kutta method. For an independent verification and validation of the results a linearisation method (see [27] [28] [29] ) is used to solve Eqs. (10)- (12). Below we outline the essential steps in the implementation of the successive linearisation method (SLM). We assume that the independent variables f (η), θ (η) and φ(η) may be expanded as
where are taken to be,
These initial approximations are chosen to satisfy boundary conditions (13 
The coefficient parameters
The solutions for f i , θ i , φ i (i ≥ 1) are obtained by iteratively solving Eqs. (17)- (20) . The approximate solutions for f (η), θ(η) and φ(η) are then obtained as
where M is the order of SLM approximation. Eqs. (17)- (20) were solved using the Chebyshev spectral collocation method. The unknown functions are approximated by the Chebyshev interpolating polynomials in such a way that they are collocated at the Gauss-Lobatto points defined as
where N is the number of collocation points used. 
where L is the scaling parameter used to invoke the boundary condition at infinity. The functions f i , θ i and φ i are approximated at the collocation points by
where T k is the kth Chebyshev polynomial defined as
The derivatives of the variables at the collocation points are represented as
where a is the order of differentiation and D = 2 L D with D being the Chebyshev spectral differentiation matrix. Substituting
Eqs. (29)- (32) into Eqs. (17)- (20) leads to the matrix equation
In Eq. (33), A i−1 is a (3N + 3) × (3N + 3) square matrix and X i and R i are (3N + 1) × 1 column vectors defined by
where
In the above definitions, 
Results and discussions
The results showing the effects of various parameters on the skin-friction coefficient, the local heat and mass transfer rates on flow surrounding an inverted cone in a porous medium are given in Tables 1-6 . The results at different orders of the successive linearisation method (SLM), the in-built Matlab bvp4c routine and the sixth order Runge-Kutta method are given side-by-side firstly to give a sense of the convergence rate of the successive linearisation method, and secondly, to show the accuracy of the results in this study. In general, the SLM has converged to the numerical results by the sixth or seventh order. In this study we have used Pr = 0.71 which corresponds to air at about 20°C. Table 2 Effect of Schmidt number Sc on skin-friction, heat and mass transfer coefficients when Λ = 0.5, Table 3 Effect of buoyancy parameter on skin-friction, heat and mass transfer coefficients when λ = 1, Λ = 0. Table 1 shows the effect of permeability parameter Λ on the skin-friction, the heat and the mass transfer coefficients.
Firstly we note a remarkable agreement between the numerical and the linearisation results, and secondly, as the permeability increases, the skin-friction coefficient, the local Nusselt number and the local Sherwood number all decrease.
In an earlier study on heat transfer in a porous medium over a stretching surface, Sultana et al. [30] also found that both the skin-friction coefficient and the rate of heat transfer decreases with increasing permeability. Table 2 shows that while the skin-friction coefficient and the local Nusselt number decrease with Schmidt numbers. However, the rate of mass transfer increases with Sc. Table 3 illustrates the effects of buoyancy parameter N 1 on the shear stress f ′′ (0) between the fluid flow and the cone surface, the Nusselt number and the Sherwood number. Increasing fluid buoyancy enhances the wall shear stress and the local heat and mass transfer rates; see Mahdy [31] . Table 4 Effect of λ on the skin-friction, heat and mass transfer coefficients when Table 5 Effect of Dufour parameter on the skin-friction, heat and mass transfer coefficients when Table 6 Effect of Soret parameter on the skin-friction, heat and mass transfer coefficients when In this study the power-law index was varied in the range 0 ≤ λ ≤ 1, that is, the ambient temperature and concentration varied from a constant to a linear function of the distance along the cone surface. Table 4 shows that increasing λ reduces the skin friction, but enhances the rates of heat and mass transfer. Nield and Bejan [3] reported the same result for the thermal coefficient. Table 5 shows the effect of Dufour number D f on the wall stress, the local Nusselt number and the local Sherwood number. Increasing the Dufour number enhances the skin-friction coefficient and mass transfer but reduces the local heat transfer rate. The same result has been reported by Islam and Alam [32] for free convection in a rotating system.
The effect of Soret number S r on the skin-friction coefficient, the heat and the mass transfer rates is shown in Table 6 . It is clear that f ′′ (0) and Nu x increase with S r but that the local mass transfer rate decreases as S r increases. A similar finding has been reported by Partha [33] for a vertical plate embedded in a non-Darcy porous medium. Figs. 2-9 serve a dual purpose; to give a comparison of the accuracy of the numerical and the SLM results as well as to demonstrate the effect of various parameters on the velocity, temperature and concentration profiles. The circles and triangles represent the SLM solution. Fig. 2 shows the effects of buoyancy parameter on the velocity profile. With an increase in fluid buoyancy the velocity increases. Fig. 3 displays the temperature and the concentration profiles for various values of the buoyancy parameter. Increasing buoyancy tends to reduce the temperature and the concentration profiles.
The effect of power-law index λ on the velocity, temperature and the concentration profiles is shown in Figs. 4 and 5 . The velocity peaks at higher levels when the ambient temperature and concentration is constant and reduces with λ. The temperature and the concentration profiles decrease with increasing λ. Fig. 6 shows the effect of Dufour number on the temperature profiles. As the Dufour parameter increases, the thermal thickness decreases, thus increasing the heat transfer rate at the wall. Fig. 7 shows the effects of Soret parameter S r on concentration profile. Increasing S r leads to increase in concentration thickness of the boundary layer; in other words, there is increase in mass transfer at the cone wall. Figs. 8 and 9 show the effect of medium porosity on the velocity, temperature and concentration profiles. The velocity decreases with increasing porosity, while both the temperature and concentration profiles thicken with increasing medium porosity.
Conclusions
In this paper we have studied the effects of cross-diffusion on the skin-friction coefficient, the heat and the mass transfer from an inverted cone in a porous medium. Numerical solutions for the governing momentum, energy and concentration equations were found using a shooting method together with a sixth order Runge-Kutta method. The results were validated by using a linearisation method. Tabulated and graphical results were presented showing the effect of various fluid and medium parameters on velocity, thermal and concentration profiles as well as on the skin-friction coefficient, the heat and the mass transfer rates. From the present study we can see that the stronger buoyancy leads to higher velocity, whereas both Increasing the Dufour parameter leads to a decrease in the thermal thickness of the boundary layer.
